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ABSTRACT 

The behavior of a sound pulse i n  a j e t  is investigated b o t h  experi- 

mentally and numerically. 

power increases w i t h  flow velocity for  the low and medium frequency range. 

Experimentally an attenuation a t  higher frequencies i s  also observed. 

Spectral decomposition of the time dependent data indicates t h a t ' t h e  f a r  

f ie ld  acoustic power has a behavior similar t o  that  of local i n s t ab i l i t y  

waves i n  the j e t .  The connection between this amplification and the local 

I t  is verified that  the f a r  f i e ld  acoustic 

ins tab i l i ty  waves i s  discussed. 
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1. INTRODUCTION 

The purpose o f  t h i s  paper i s  t o  study the  i n t e r a c t i o n  o f  an acous t i c  

d is turbance w i t h  a j e t  both numer i ca l l y  and exper imenta l ly .  

ve rs ion  of  t h i s  r e p o r t  appeared i n  [ 11. An at tempt w i l l  be made 

t o  c l a r i f y  the r e l a t i o n s h i p  between l i n e a r  s t a b i l i t y  o f  t h e  mean p r o f i l e  

o f  t h e  j e t  and f a r  f i e l d  sound. 

mean p r o f i l e  of t he  j e t  i s  unstable a t  any downstream l o c a t i o n  because o f  

t h e  i n f l e c t i o n  p o i n t  i n  the  shear l aye r .  Thus t h e  l i n e a r  s t a b i l i t y  e f f e c t s  

a r e  manifested i n  the  v o r t i c i t y  i n t e r a c t i o n s  terms i n  t h e  equat ions f o r  t h e  

f 1 uctua t i  ng pe r tu rba t i ons  . 

A p r e l i m i n a r y  

L inea r  s t a b i l i t y  t heo ry  p r e d i c t s  t h a t  t h e  

The L i g h t h i l l  acous t i c  analogy (see [Z] and [3] ) accounts f o r  t h i s  

i n t e r a c t i o n  i n  p r i n c i p l e ,  s ince i t  inc ludes as source terms on the  r i g h t  

hand s i d e  a l l  o f  t h e  i n t e r a c t i o n  terms i n  the  Navier-Stokes equations. How- 

ever, t he  L i g h t h i l l  t h e o r y ' r e q u i r e s  p r i o r  knowledge o f  t h e  s o l u t i o n  i n  o rde r  

t o  s p e c i f y  the  sources. 

L i g h t h i l l  d i d  p o i n t  out ,  however, t h a t  j e t  no i se  may be a m p l i f i e d  by 

shear i n t e r a c t i o n  terms (see [3]). A t  present, t h i s  phenomenon'has n o t  been 

s a t i s f a c t o r i l y  analyzed. 

some t ime, s ince complete s p e c i f i c a t i o n  o f  t h e  L i g h t h i l l  source terms r e -  

q u i r e s  a s o l u t i o n  o f  t he  Navier-Stokes equations w i t h  turbulence. However, 

much progress has been made s ince t h e  p u b l i c a t i o n  o f  t he  L i g h t h i l l  analogy. 

I n  f a c t ,  i t  may n o t  be adequately reso lved  f o r  

The f i r s t  m o d i f i c a t i o n  o f  t h e  L i g h t h i l l  f o r m u l a t i o n  was by P h i l l i p s  

(see [4]) who s h i f t e d  some convect ion terms from the  r i g h t  hand s i d e  t o  t h e  

l e f t  hand s ide,  r e s u l t i n g  i n  a second o rde r  convect ive wave equation. 

po in ted  o u t  by Doak (see [ 5 ] ) ,  t h e  P h i l l i p s  fo rmu la t i on  does n o t  account f o r  

a l l  o f  t he  f i r s t  o rde r  i n t e r a c t i o n  terms between t h e  f l u c t u a t i n g  and mean 

f i e l d s .  However, the omi t ted  terms are n o t  g e n e r a l l y  considered impor tan t  

a t  t he  h ighe r  f requencies where r e f r a c t i o n  predominates (see [ 5 ] ) .  

As 



A f u r t h e r  extens ion o f  t h e  L i g h t h i l l  theory  was obta ined by L i l l e y  

(see [61 ) .  

h i s  l e f t  hand s ide)  a t h i r d  o rde r  wave- l ike equat ion which e x p l i c i t l y  

accounts f o r  a l l  o f  t h e  f i r s t  o rder  i n t e r a c t i o n  terms between the  f l u c -  

t u a t i n g  and the  mean f i e l d s ,  i n c l u d i n g  t h e  shear i n t e r a c t i o n  terms. 

l e f t  hand s ide  o f  t he  L i l l e y  equat ion i s  no th ing  b u t  t he  Or r -Somer fe ld  

equat ion f o r  t he  s t a b i l i t y  o f  t h e  mean f l o w  and i n  f a c t  i s  equ iva len t  

t o  the  Eu ler  equat ions,  l i n e a r i z e d  about t h e  mean f low.  

L i l l e y  developed as h i s  propagat ion opera tor  ( i .e . ,  as 

The 

Several authors have s tud ied  the  L i l l e y  equat ion.  Most o f  these 

s tud ies  have been r e s t r i c t e d  t o  a p a r a l l e l ,  t r ansve rse l y  sheared mean f low.  

Tester  and Morfey (see [ 7 ] ) ,  f o r  example, obta ined both numerical 

and a n a l y t i c a l  r e s u l t s  w i t h  sources model l e d  by quadrupoles. 

a s t rong  a m p l i f i c a t i o n  a t  mid-angles from the  j e t  a x i s  due t o  t h e  shear 

i n t e r a c t i o n .  This  work was r e s t r i c t e d  t o  p a r a l l e l  means f lows.  Mungur, 

e t  a l .  (see [ 8 ] ) ,  on t h e  o the r  hand, s tud ied  the  Eu ler  equat ions 

l i n e a r i z e d  about a spreading j e t ,  us ing  a semi -ana ly t i ca l  approach. They 

d i v i d e d  t h e  reg ion  i n t o  spher i ca l  s h e l l s  and obta ined a sequence o f ,  

d i r e c t i v i t y  modes i n  each s h e l l .  A d i f f i c u l t y  o f  t h i s  method i s  t h a t  i t  

i s  n o t  c l e a r  how t o  match the  s o l u t i o n  between s h e l l s  and thus o b t a i n  the  

s o l u t i o n  due t o  a g iven source on the  r i g h t  hand s ide.  

They computed 

Fur ther  s tud ies  o f  t he  shear i n t e r a c t i o n  terms were done us ing  a 

vo r tex  sheet model f o r  t he  mean f low.  I n  t h i s  model, t he  shear i n t e r q c t i o n  

terms a r e  rep laced by jump cond i t i ons  a t  t he  i n te r face .  

been s tud ied  w i t h  bo th  f i x e d  and moving sources. 

This  model has 

As the  d is tu rbance i n t e r -  

ac ts  w i t h  the  vo r tex  sheet, t h e  vo r tex  sheet becomes unstable (Mi les  [9], 

Ribner [ l o ] ,  Mani 1113, and Dowling e t  a l .  [ E l ) .  I t  has been shown t h a t  

such an i n s t a b i l i t y  can lead  t o  s i g n i f i c a n t  a m p l i f i c a t i o n  o f  sound i n  
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supersonic flow. 

opposite sides of the vortex sheet becomes large (Howe [131). 

were restr ic ted to  parallel or weakly nonparallel flows. Michal ke [ 14 1 

has computed f a r  f i e ld  sound from localized, temporally growing, i n s t ab i l i t y  

waves i n  a plane free shear layer. 

T h i s  i s  especially true when the acoustic coupling between 

These studies 

Experiments by Vlasov and Ginevskiy [15]  have shown t h a t  local insta- 

b i l i t y  waves i n  a j e t  can be excited by acoustic disturbances. 

confirmed analytically by Tam [16]. Moore [17]  and Bechert and  Pfizenmaier 

[181 have shown t h a t  broadband sound can be increased when a j e t  i s  excited 

by an acoustic wave i m p i n g i n g  from upstream of the nozzle. 

acoustically excited the j e t  a t  the t i p  o f  the nozzle and a lso obtained an 

increase i n  the far-f ie ld  sound accompanied by a near-field pulsation of 

the j e t .  

significantly amplify sound. 

This was 

Kibens 1193 

These resul ts  s u p p o r t  the conjecture that  ins tab i l i ty  waves can 

In the present paper, the effect  of  the flow on the total  power o u t p u t  

o f  an acoustic source i n  the potential core of the j e t  will be considered. 

Since only the resul t  of the interaction between the acoustic f ield and the 

j e t  is t o  be studied, no attempt will be made to  model the real sources of 

the j e t .  

f ican t  increase i n  power output occurs a t  low frequencies where the i n s t a b i l i -  

t y  waves are  known t o  have the largest  growth ra te  (see [ Z O ]  and [ Z l ] ) .  

I t  will be shown both numerically and experimentally t h a t  a s i g n i -  

The numerical simulation will be obtained by solving the f u l l ,  time 

dependent Euler equations, linearized about a r e a l i s t i c  model of a spreading 

j e t .  The acoustic perturbations are  t h u s  obtained a s  the solution to  a hyper- 

bolic i n i t i a l  value problem. In a l l  cases, the i n i t i a l  d a t a  for  the perturbed 

quantit ies will be taken as zero; !.e. the system i s  s tar ted from a s t a t e  of 
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res t .  I n  principle, the problem is  posed w i t h o u t  any boundaries; however 

a r t i f i c i a l  boundaries a re  required in order for  numerical computations to  

be feasible. 

feld radiation condition must be imposed. 

contain a l l  of the f i r s t  order interaction terms between the acoustic f i e ld  

and the mean flow. This permits computation of a more complete interaction 

than  can be obtained from computations of classical  refraction e f fec ts  

(see [ 2 2 ]  a n d  [ 2 3 ] ) .  

A t  these boundaries appropriate approximations to  the Sommer- 

The system to be solved will 

The acoustic perturbations will be assumed to  be generated by a source 

which will be represented by a forcing term on the right hand side of the 

equations. 

i n i t i a l  time. I f  the longitudinal variation of the mean prof i le  is neglected 

a t  any fixed downstream location, the homogeneous system admits ins tab i l i ty  

waves which are  well known from l inear  s t a b i l i t y  theory. If z ,  r and @ 

the aximuthal angles, then the ins tab i l i ty  waves have the form 

The source will be switched on smoothly from zero forcing a t  the 

I 

I 

where the longitudinal wave number a(.) and the prof i le  f ( r )  are  obtained 

by solving the Orr - Sommerfeld equation. 

axi-symmetric disturbances a re  computed , so t h a t  only the e f fec t  of waves w i t h  

n = 0 can be considered. 

I n  the numerical simulation only- 

Since the mean profile has an inflection p o i n t ,  there always exis ts  

solutions w i t h  the real p a r t  o f  a positive; i .e.  solutions which grow 

exponentially i n  z. 

( i . e .  n = 0 

restr ic t ion t o  axi-symmetric disturbances i s  reasonable (see [ Z l ] ) .  

For most regions of  the j e t  the axi-asymmetric mode 

in ( 1 . 1 ) )  i s  known t o  be the most unstable mode so t h a t  the 
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Global solutions of the form (1.1) are not present in the far field 

because they do not satisfy the Sommerfeld radiation condition and also 

because the instability of the jet grows weaker as the jet spreads out. 

In fact, it is well known that instability waves in a spreading jet tend 

to decay after a certain distance downstream (see [ZO]). However, 

if the source is near the jet exit, where the jet is most unstable, 

exponentially growing waves may be expected to be present near the source. 

It is the purpose of this paper to demonstrate that the behavior of 

the far field sound, in particular the amplification of the total far field 

acoustic power, has characteristics similar to those predicted by linear 

stability theory applied to the given profile near the source. This will 

be demonstrated both experimentally and numerically. The conclusion is 

that acoustic sources generate and excite local instability waves which 

contribute to an increase.in the far field sound. 

In section 2, the governing equations are introduced. Details of the 

numerical scheme and the numerical boundary conditions are' given in sections 

3 and 4. In section 5, the experimental configuration is described. Results 

and discussion are presented in section 6. 

11. GOVERNING EQUATIONS 

The equations of fluid flow can be written as a first order system 

* + div(pv) = 0 at 

-5- 



Here p i s  t he  dens i ty ,  v t h e  v e l o c i t y ,  p i s  t he  pressure and eij t he  

v iscous s t ress  tensor .  

o f  the  summation convent ion on repeated ind ices .  

I n  the  system (2.1) and i n  the  sequel, use i s  made 

We now d i v i d e  t h e  f l o w  va r iab les  i n t o  mean and f l u c t u a t i n g  p a r t s .  We 

thus w r i t e  

p = P + p '  Y 

v = U + u '  Y 

p = p +  p '  ¶ 

- 

where the  bar  denotes a mean q u a n t i t y  independent o f  t ime. 

We r e w r i t e  equat ion (2.1) as a system f o r  the  f l u c t u a t i n g  q u a n t i t i e s  

-6- 



Before proceeding t o  g i v e  phys i ca l  meaning t o  t h e  system (2.3), we 

re fo rmu la te  i t  by r e p l a c i n g  the f l u c t u a t i n g  dens i t y  p '  

pressure p '  which i s  t he  more n a t u r a l  acous t i c  v a r i a b l e ,  (see [51) .  We 

assume t h a t  t he  f l o w  i s  i s e n t r o p i c  and has no mean temperature g rad ien t .  

It then f o l l o w s  t h a t  

by t h e  f l u c t u a t i n g  

P = b Y  Y (2 .4)  

o r  

(2.5) 

where co 

and q i s  some quadra t i c  term. We can then rep lace  p '  i n  (2.3) by p '  and 

g e t  

i s  t h e  ambient speed o f  sound (constant  under t h e  above assumptions) 

The system (2.6) has on t h e  l e f t  hand s ide  a l l  o f  t h e  f i r s t  o rde r  i n t e r -  

a c t i n g  terms between t h e  f l u c t u a t i n g  and mean q u a n t i t i e s  (prov ided q as 

g iven i n  (2.5) i s  quadrat ic ,  which w i l l  be t h e  case i f  t h e  j e t  i s  i s e n t r o p i c ) .  
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The terms on the r i g h t  hand s ide a re  considered a s  the source terms and a re  

a l l  of higher order. 

generation of sound, see [61) .  

(Not a l l  of these terms are  of  equal importance i n  the 

I n  t h i s  s tudy,  t i s  assumed t h a t  an a r t i f i c i a l  source is  injected i n t o  

the j e t  and  t h a t  the magnitude of t h i s  source i s  much larger t h a n  the real 

sources i n  the j e t .  Therefore, the system (2.6)  will become the following 

inhomogeneous 1 i near sys tern 

- + 1 d i v ( p ' t )  + div(5u ' )  = f l ( t , x , y , z )  , 
2 a t  2 

For this s tudy,  the forcing terms will be chosen as  

where xo i s  a given axial p o i n t  downstream of the j e t  ex i t .  The function 

f ( t )  i s  chosen t o  give r i s e  t o  a pulse-like solution and has the form 

f ( t )  = e t > O  - Y 

for sui table  (posi t ive)  constants a and b. The &-function i s  modelled by a 

Gaussian. 

As mentioned previously, i t  i s  n o t  the intention t o  model the real sources i n  

the j e t ,  b u t  rather t o  study the interaction between an acoustic source and 

This source corresponds t o  a monopole source i f  there is  no flow. 

the mean flow. 
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The system (2.7) i s  a l i n e a r  f i r s t  o rde r  hyperbo l i c  system which i n -  

c ludes a l l  o f  t h e  f i r s t  o rde r  terms f o r  t he  f l u c t u a t i n g  f i e l d  i n  response 

t o  t h e  given i n p u t  f o rc ing  term. 

dominant i r r o t a t i o n a l  component i n  the near f i e l d  which decays i n v e r s e l y  

w i t h  the  f o u r t h  power of the d is tance and i s ,  t he re fo re ,  impor tant  o n l y  i n  

the near f i e l d  (see [ 2 4 ]  and [ 2 5 ] ) .  

square f l u c t u a t i n g  v e l o c i t y  w i l l  decay w i t h  the second power o f  t h e  d i s -  

tance thus reducing t o  a p u r e l y  acoust ic  f i e l d .  

The f l u c t u a t i n g  q u a n t i t i e s  w i l l  have 

Fa r the r  f r o m  the  source, t h e  mean 

I f  a p a r a l l e l  t ransverse mean f l o w  i s  assumed, then (2.7) can be 

reduced t o  t h e  t h i r d  o rde r  L i l l e y  equation. 

a f u l l  numerical s o l u t i o n .  I n  t h i s  work, we w i l l  use a r e a l i s t i c  j e t  

v e l o c i t y  p r o f i l e  o f  an a x i a l l y  symmetric spreading j e t  obta ined by 

Maes t re l l o  ( [ 2 5 ] ) .  Assuming an a x i a l l y  symmetric source on t h e  r i g h t  hand 

s ide,  t he  f l u c t u a t i n g  so lutdon t o  (2.7) w i l l  a l s o  be a x i a l l y  symmetric and 

thus t h e  system (2.7) can be reduced t o  a system f o r  t h ree  dependent v a r i -  

ables,  t he  f l u c t u a t i n g  pressure p ' ,  and the  f l u c t u a t i n g  a x i a l  and normal 

v e l o c i t i e s  u '  and V I .  

This  i s  n o t  e f f i c i e n t  f o r  

It i s  c l e a r  from the  system (2.7) t h a t  i n  o rde r  t o  c o r r e c t l y  s imulate a 

r e a l  j e t ,  bo th  t h e  t y p e  and the l o c a t i o n  of the s o u r c e s  f o r  a g i v e n  mean f l o w  

a r e  impor tant  (as po in ted  o u t  i n  [12 ] ) .  

t h e  phenomena o f  i n t e r a c t i o n  f o r  a f i x e d  type o f  source, and t h e  dependence o f  

t h i s  i n t e r a c t i o n  on t h e  l o c a t i o n  and t h e  mean v e l o c i t y .  

I n  t h e  present  paper, we w i l l  s tudy 

I I I .  NUMERICAL SCHEME 

I n  t h i s  sect ion,  we discuss t h e  numerical scheme used t o  so l ve  (2.7).  

We w i l l  use z and r as c y l i n d r i c a l  coord inates a long t h e  a x i s  o f  t he  j e t  

and normal t o  t h e  j e t  r e s p e c t i v e l y .  A t y p i c a l  computational domain i s  shown 

i n  f i g u r e  1. I n  t h i s  f i g u r e ,  t h e  computations a re  conducted i n  t h e  piecewise 
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rec tangu la r  reg ion  downstream o f  t he  nozz le boundary and . -  bounded by t h e  

f a r - f i e l d  boundary. The s o l u t i o n  f o r  l a r g e  t imes i s  extremely s e n s i t i v e  

t o  the  f a r - f i e l d  boundary c o n d i t i o n s  and these as w e l l  as the  boundary con- 

d i t i o n s  a t  t h e  nozz le boundary w i l l  be discussed i n  t h e  nex t  sec t i on .  Note 

t h a t  t h e  shear l a y e r  i s  n o t  a boundary. 

models the  shear l a y e r  as a continuous func t i on  (see [ 2 5 ] ) .  

s t r e t c h i n g  i s  used t o  increase the  r e s o l u t i o n  i n  the  v i c i n i t y  of t h e  shear 

l a y e r  and the  sources. 

The mean p r o f i l e  o f  M a e s t r e l l o  

Coordinate 

To descr ibe t h e  numerical scheme, we w i l l  r e w r i t e  the  system (2 .7 )  i n  

s impler  form by assuming t h a t  

- po - p, = constant  (3.1 ) 

The assumption (3.1) i s  reasonable f o r  i n v e s t i g a t i n g  the  i n t e r a c t i o n  

phenomena. 

s i m p l i c i t y ,  we o b t a i n  t h e  f o l l o w i n g  l i n e a r  f i r s t  o rde r  system ( w i t h  sound 

speed co and ambient d e n s i t y  p,) 

With t h i s  assumption, and dropping t h e  primes and the  bars f o r  

+ (uov)z + ( V  v + E )  = vuo,z - uvo,z Vt 0 Po r 3 

( 3 . 2 )  

where Uo and Vo a re  t h e  mean a x i a l  and r a d i a l  v e l o c i t i e s  r e s p e c t i v e l y ,  

and t h e  subsc r ip t s  denote d i f f e r e n t i a t i o n .  The s o l u t i o n  i s  assumed t o  s t a r t  
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from a s t a t e  o f  r e s t ,  i .e .  p, u, v = 0 a t  t = 0. The above system can be 

w r i t t e n  i n  the  fo l l ow ing  symbolic form 

wt + Fz + Gr = H Y (3.3) 

where w i s  t he  vec to r  (p,u,v) and F, G, H a r e  e x p l i c i t  f u n c t i o n s  which 

can be obta ined from (3.2).  

To advance t h e  s o l u t i o n  from t ime t t o  t + 2At, we use t h e  method o f  

t ime s p l i t t i n g  (see 26 ). Thus, if L,(At) and Lr(At)  denote symbolic 

s o l u t i o n  operators  t o  t h e  one-dimensional equations 

then t h e  s o l u t i o n  t o  (3.3) i s  advanced by the  formula 

w ( t  + 2At) = Lz(At)Lr(At)Lr(At)L,(At)w(t) ( 3 . 5 )  

Th is  procedure i s  second o rde r  accurate i n  time. ( i .e . ,  t h e  t r u n c a t i o n  e r r o r  i n  

Using t h e  method of  s p l i t t i n g ,  one employs s p a t i a l  d i s c r e t i z a t i o n s  

s o l v i n g  o n l y  one-dimensional system. 

o r d e r  accurate shceme was e s s e n t i a l  t o  reso lve  the  s o l u t i o n  up t o  the  

f a r  f i e l d .  We thus use a scheme developed by G o t t l i e b  and Turke l  [271, 

which i s  f o u r t h  o rde r  accurate i n  t h e  s p a t i a l  var iab les.  For t h e  one- 

dimensional equat ions i n  ( 3 . 4 ) ,  we. have 

I t  was soon r e a l i z e d  t h a t  a h i g h  

-11 - 
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here Fi denotes F evaluated a t  ki etc .  Further de ta i l s  can be found i n  

[26 ] .  The scheme based on (3.6) can be implemented on the CDC STAR-100 with 

great efficiencies.  

Since the solution i s  required a t  many j e t  diameters ( -  50),  a large 

number o f  g r i d  p o i n t s  i s  required for  accuracy. 

applicabili ty of the method to  cases where the wave length i s  of the order o f  

the nozzle diameter. 

solution of the time dependent equations can be regarded as a relaxation scheme 

t o  obtain the time harmonic solution. 

by integrating until the t ransient  has passed o u t  of  the computational domain. 

A solution o f  the time harmonic problem by d i rec t  methods i s  n o t  possible 

because o f  the large number of unknowns involved. Assuming a single wave 

solution of the form 

This r e s t r i c t s  the 

I f  only t ine  harmonic solutions a re  of in te res t ,  the 

I n  this case convergence i s  achieved 

for  slowly varying real quantit ies A and S ,  as done i n  references t221 and 

[ 2 3 ]  i s  not feasible, since multiple waves can be expected t o  be present due 

to  interaction w i t h  the shear layer. 

I IV. BOUNDARY CONDITIONS 

Our experience has indicated tha t  a very important  feature i n  o b t a i n i n g  

accurate solutions i s  the correct specification of the boundary conditions. 

p o i n t  o u t  t h a t  the problem i s  posed in the spa t ia l ly  in f in i t e  region without 

the far-f ie ld  and nozzle boundaries i n  Figure 1 .  

We 

These a r t i f i c i a l  boundaries 

i 
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are  necessary only for the purposes of numerical computation. 

exercised t o  prevent fa l se  ref lect ions generated a t  the boundaries from moving 

i n  and destroying the solution. 

Care must be 

As indicated i n  the figure, two types of a r t i f i c i a l  boundaries a re  

present. The far-f ie ld  radiation boundary where an approximation t o  outgoing 

waves must be specified and the nozzle boundary where one must s t ipu la te  t h a t  

no acoustic energy flows down the p i p e  i n t o  the computational domain. 

We f i r s t  deal w i t h  the far-f ie ld  radiation boundaries. I t  i s  c lear  t h a t  

if Uo vanishes i n  ( 3 . 2 ) ,  then p wi l l  s a t i s fy  the wave equation. Spherical 

outgoing waves have the form 

(4.1) 

where d = 1x1 and x denotes the spat ia l  position. The formula (4.1) was 

extended t o  general solutions of the wave equation by Friedlander (see [28]) 

who proved t h a t  under cer ta in  conditions p would have a convergent expansion 

of the form 

(4.2) 

where 8 is  the polar angle ( ax ia l  symmetry i s  assumed). Less restrictive 

conditions under which (4.2) is  valid as  an asymptotic expansion a r e  g i v e n  by 

Bayliss and Turkel [29] .  

In order t o  derive boundary conditions t o  match the solution to  (4.2), 

we introduce the operator 

(4.3) 
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and point out tha t ,  i n  the case o f  harmonic time dependence of frequency, the 

operator (4 .3)  reduces t o  

a co(-ik + -) ad , 

where k = w/c0 is  the wave number. Then, the statement 

Lp -f 0 ( d  +a) , 

i s  exactly the Sommerfeld radiation condition. 

re1 a ti  on 

However, a t  a f in i te  d ,  the 

L p = @  , 

i s  not  exact even f o r  the f i r s t  term i n  the expans ion  (4 .2)  (or f o r  a spherical 

wave (4.1)) .  I f ,  however, (4.3) i s  modified by introducing 

then i t  i s  easy t o  verify tha t  

I B1p = 0 ¶ (4.4) 

i s  exact fo r  the f i rs t  term in (4.2)  o r  fo r  (4.1).  This i s ,  therefore, the 

appropriate, f in i te  form of the Sommerfeld radiation condition. 

In general (4.4) will not be accurate i f  the boundary i s  close i n  and if  

the sources a re  n o t  monopoles. 

these cases, we extend the operator 

To obtain accurate boundary conditions i n  

B1 t o  annihi la te  more terms i n  the 

expansion (4.2). In f a c t ,  introducing the operator 
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i t  can be easily verified tha t  Bm annihilates exactly the f i r s t  m terms 

i n  the expansion (4 .2) .  

I t  can also be shown (see [29 ] )  t h a t  the boundary conditions 

Bmp = 0 9 

give r i s e  t o  well posed problems i n  the cylindrical region o f  Fiqure 1. 

second order operator has been applied to  the study of several sources i n  a 

j e t  and quadrupole sources where (4.4) i s  not suff ic ient ly  accurate. 

most of the work reported i n  this paper, the accuracy of (4.4) has been veri- 

f ied by computing the solution w i t h  different boundaries and comparing the . 

s o l u t i o n  a t  fixed in te r ior  points. 

The 

For 

I t  has also been verified tha t  d i rec t  

application of the Sommerfeld condition i s  very inaccurate.. 

I t  i s  f i na l ly  pointed out t h a t ,  since the fluctuating velocit ies are  

dependent variables, i t  is .possible to use (2 .5)  ( w i t h  Uo = 0 i n  the f a r  

f i e ld )  t o  obtain 

where G i s  t h e  r a d i a l  v e l o c i t y .  Thus, (4.4) can be rep laced by t h e  c o n d i t i o n  

-a- aii - 
poco at + d - a t  ¶ 

which can be implemented w i t h o u t  spatial  differences. 

We next consider appropriate boundary conditions i n  the nozzle. 

Physically, i t  i s  intended to  simulate a semi-infinite pipe of constant 

diameter. T h i s  i s  a reasonable assumption since the numerical sources are 

located i n  the j e t .  The boundary condition must ensure that no acoustic 
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information t ravels  down the pipe i n t o  the free space. 

the p i p e  the mean flow Uo i s  constant and i s  purely- axial .  (We will then 

have Uo = Mco where M i s  the exi t  Mach number of the j e t . )  The system 

(2.5) then becomes 

We assume tha t  i n  

The system (4.5) can be reduced t o  a convective wave equation f o r  p ,  

2 = + u p - c ; a p = o  2 2 , 
2 az 3 + 2uo a z a t  a t  

(4.5d) 

where A = V V.  I f  the pipe has diameter D ,  then the radial boundary 

conditions f o r  p a re  

The condition (4.6a) is  equivalent t o  the condition 

wall, while (4.6b) is  a consequence of axial symmetry. 

v = 0 on the pipe 
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.We now look for solutions to (4.5d) with the dependence 

where the frequency w i s  taken positive. The condition for modes to 

propagate up the pipe i s  

Real Part R > 0. 

Upon substituting (4.7) into (4.5d), we obtain an equation for h ,  

where 

- 1 (rh')' + Ah = 0 , r 

2 2 2 w uO 
cO cO 

, M = -  X - k  + 2 k M - R ( l - M ) ;  k = -  

(4.8) 

(4 .9 )  

(4.10) 

The solution to (4.9) satisfying (4.6b) is 

h(r) = Jo(A%) 

and thus the values of X are restricted t o  a discrete set {An), such that 

'n 
formula 

' i s  twice the nth zero of J o t .  Solving (4.11) for R results in the 

- kFI k /k2M2 + (k2 - A , ) ( l  - M2) 

(1 - M2) 

- 'n (4.11) 
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Thus, for 

with long 

any k, there are only a discrete set of modes present in the duct, 
tudinal wave numbers given by (4.11). 

If n = 0, An = 0, (4.11) yields 

(4.12) 

and (4.8) implies that only (4.12a) corresponds to a mode traveling up the 

pipe. For n > 0, R will not be real for sufficiently small k. In fact, 

this will be so provided 

k - 4 /l - M2 (4.13) 

a n d  4 = 7.66 

unstream Propagating modes will decay exponentially as the distance up the 

cipe increa5es. It then follows that upstream of the nozzle, if k is 

restricted by (4.13), the mode given by (4.12a) will describe the upstream 

propagating sol uti on. 

(twice the first zero of J o ' ) .  For these values of k, the 

It only remains to describe the velocities associated with (4.12a) so 

that appropriate boundary conditions can be obtained. It follows from 

= 0 and (4.52) that v = 0. Upon setting 

u = e  iwtei Rz h(r)i 

hO 

and substituting into (4.5b) (making use of (4.7)), we obtain 

R w c i  + au0ii -t - j3 = 0 , 
PO 

and from (4.12a) we obtain 
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copoil t i; = 0 

i .e .  co ou + p. The result ing boundary conditions i n  the nozzle a re  t h u s  

c p u + p = o  0 0  (a 1 
v = o  ( b )  

(4.14) 

The boundary conditions (4.14) are  generally applied a t  the same distance 

upstream as the far-f ie ld  boundary. Of course, i n  principle the problem of the 

nozzle boundary can be avoided by taking the nozzle boundary suf f ic ien t ly  

f a r  upstream so t h a t  no spurious reflection can occur d u r i n g  the time tha t  i t  

takes for  the pulse to  pass through the computational domain. T h i s ,  however, 

wn1.11d severely complicate the program. 

r?r~t? have revealed vir tual ly  no effect  on the far-f ie ld  solution by applying 

t h e  conditions (4.14)  a t  any distance upstream of the ex i t  pipe. 

In practice extensive numerical experi- 

This i s  

pr>qbably dce t o  the exponential decay of the higher modes and the f ac t  t ha t  

\ x r y  1 i i t l  e energy propagates upstream of the nozzle ex i t .  

V .  EXPERIMENT 

Measurements o f  the time dependent pressure i n  the f a r  f i e ld  were made 

inside an anechoic chamber about an arc  o f  5.79 m from t h e  source. T h e  source 

consisted of a 1.0 cm diameter tube exit ing from the center of a standard 

convergent type nozzle w i t h  diameter D = 5.08 cm. 

1.25D from the nozzle ex i t .  

T h e  tube extends downstream 

Upstream, the tube extends i n t o  the se t t l i ng  

chamber, diverges and ex i t s  th rough  the se t t l i ng  chamber to  the outside. 

mean flow profi le  and the experimental configuration are  shown i n  f igure 2. 

The 

The prof i le  has a virtual origin (z,) a t  2.57 D upstream of the nozzle ex i t  

and a spread of nearly 11'. 

The s t a t i c  pressure shown i n  the figure has n o t  been included i n  the numerical 

calculations a t  the present time. 

In the figure,  U .  denotes the j e t  exit velocity. J 

Further de ta i l s  can be found i n  [ X I .  
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Two types o f  sources were studied. A pure tone was generated by u s i n g  

an acoustic driver a t  the end of the tube. A pulse was generated by using a 

conventional shock tube type o f  chamber w i t h  a diaphragm. The pulse i s  created 

by breaking the diaphragm. The pressure across the dianhraqm exceeds 100 psi 
5 (6 .3  x 10 pascal). 

Because of t h i s  h i g h  pressure, the amplitude from the pulse was 

greater t h a n  the noise produced by the j e t  flow f o r  the conditions tested 

by 30 dB. 

p u t  from the source was unaffected by the presence of the flow. 

possible t o  generate a pure tone w i t h  output unaffected by the flow and thus 

only the pulse will be considered further.  

The high pressure of the pulse also insured t h a t  the power o u t -  

I t  was n o t  

The temperature i n  the j e t  was ambient and t e s t s  were conducted a t  ex i t  

Mach numbers ranging from 0.33 t o  1 .2 .  

Reyw'lds number of the j e t ,  based on the diameter, was approximately 8 x 10 . 
Two different  s izes  of condenser type microphones were used independently. 

i!leir diameters were 1.25 cm and 0.63 cm. 

?ave a f l a t  response i n  the range of frequencies considered. 

rlbtained by the 1.25 cm microphones are  considered, because no difference 

i n  Tither frequency response or amplitude level was found between the two . 

difrerent s ize  microphones. 

A t  an ex i t  mach number of .66, the 
5 

- The microphones were verified to  

Only the d a t a  

The microphones were placed a t  10" intervals between 10" and 130" from 

the direction of flow. 

tape recorder i n  the range 25 Hz t o  40 kHz although the data presented i n  

t h i s  paper only cover the range 200 Hz t o  15 kHz. 

plished using b o t h  analog and digi ta l  means. 

The acoustic pressure was recorded on an FM magnetic 

Data reduction was accom- 
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VI. RESULTS AND DISCUSSION 

Experimental and numerical resul ts  a re  presented for  the fa r - f ie ld  

acoustic pressure. These resul ts  include: 

a )  The real time pressure pulse bo th  w i t h  and  without flow, 

b )  The intensity as  a function of the angle 8 fo r  a range of Strouhal 

numbers. ( S t  = - f D  where f i s  the frequency and D the j e t  diameter), 
'j 

c )  The acoustic power integrated over a large far-f ie ld  sphere as a 

function of St rouhal  number, 

d )  The acoustic power integrated over a large far-f ie ld  sphere as a 

function of Strouhal number based on the source position for d i f fe ren t  source 

location. 

e )  In-flow amplification rate  of the longitudinal f luctuating velocity. 

Figures 3a t h r o u g h  6b show the nondimensional fa r - f ie ld  time dependent 

pu'se p ( t ) ,  w i t h  and without the flow through the nozzle, for  both the 

quxrimental and the numerical simulation. Figures 3a and 3b show the 

ev3n-itxntal resul ts  for  8 (measured from the j e t  axis)  between 10' and 

130' without flow. 

i s  not omni-directional. 

and decr2ases nearly uniformly as the angle 8 increases. I t  is known 

(see Grande [301) t h a t ,  a t  low pressure, the o u t p u t  from the tube i s  

omni-directional ( a t  l eas t  fo r  low frequencies). However, a t  such h i g h  

pressures, the experimental source i s  not a monopole. 

I t  i s  c lear  from the figure t h a t  the experimental source 

In f ac t ,  the peak o u t p u t  occurs near the j e t  axis 

Figures 4a and 4b show the pulse w i t h  the flow a t  an exit Mach number 

The ef fec t  of refraction of sound through the shear layer is  o f  0.66. 

c lear ly  noticeable by the stretching out of the pulse and by the decay i n  

amplitude a t  low angles from the axis of the j e t .  

e 
A t  mid angles ( i .e.  

30°), bo th  positive and negative peaks well exceed the amplitude of the 
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no flow case indicating a low frequency amplification, a phenomena n o t  

to ta l ly  accountable by classical  refraction theory. The high frequency 

oscil lations a f t e r  the meain peaks a re  also strongly reduced. 

Figures 5a and 5b show the numerical counterpart with no flow for  angles 

As can be seen, the input source i s  nearly omni-directional 

The experimental source on the 

from 0' t o  170'. 

and thus can be considered a monopole source. 

other h a n d ,  contains both a mass and a force fluctuation as can be seen i n  

figure 3. 

sources, since the monopole will exhibit qual i ta t ive agreement with the 

experiment. The time d u r a t i o n  of the numerical pulse i s  nearly twice as 

Ion3 as the duration of the experimental pulse. 

OF ntImer+cal 4:TFicu t i c s  :n c ~ ~ n p ~ ~ t i n q  n; -,-owe- T U ~ C C S  a t  ' a w e  distPnc2s fw.n 

the so l i r c~ .  

A t  present, the numerical simulation has only been r u n  with monopole 

This was necessary because 

Figurec, 6-1 3qd  6b  -4nw the pulye w i t h  flow ' : , i t  Mach niimber .66) .  As 

w i t h  the ex?erinertdl pulse, the effect  of refraction i s  noticeable 5~~ a 

severe stretching o u t  of the pulse accoripanied by a decay in amplitude a t  low 

angles from the j e t  axis. 

similar t o  t h a t  trnasured in the experiment, occurs a t  mid angles. 

I t  i s  also clear t h a t  an increase i n  amplitude, 

The Drevious figures indicate the possibi l i ty  of amplification o f  sound 

I n  order t o  quantify the amplification or  attenua- i n  the presence of flow. 

tion o f  the sound due t o  the flow, a comparison i s  made of the power r a t io  

with and without flow. The power output i s  computed around a large sphere 

surrounding the source. 

upstream through the nozzle. 

i s  computed by the following formula (see Goldstein [31]): 

However, a small amount of  acoustic energy propagates 

This additional energy flux through the nozzle 

1 I = - ( p '  + p 0 u ' * u o ) ( p o u ~ + p ' u o )  
0 

0 
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which i s  t he  acous t ic  i n t e n s i t y  i n  the  presence o f  an i r r o t a t i o n a l  mean f low.  

Here, t he  primed q u a n t i t i e s  denote the  acous t ic  p e r t u r b a t i o n  w h i l e  Uo and 

po 

i s  computed upstream o f  t he  nozz le e x i t  as i n d i c a t e d  i n  f i g u r e  1. 

denote t h e  mean v e l o c i t y  and dens i ty .  The energy f l u x  through the  nozz le  

A t  the  upstream nozz le boundary, we use (4.4)  w i t h  (6.1) t o  o b t a i n  t h e  

f o l l o w i n g  t o t a l  acous t ic  i n t e n s i t y  i n  the  upstream z d i r e c t i o n  

An exper imental  a t tempt  was made t o  measure t h e  acous t ic  power due t o  

t h e  pu lse  upstream of t he  nozzle,  us ing  two microphones i n s i d e  t h e  s e t t l i n g  

chamber. The ou tpu t  f rom the  microphones, du r ing  and immediately a f t e r  t h e  

b u r s t y  showed an i n s i g n i f i c a n t  increase i n  l e v e l  f rom the  background. Th is  

i n d i c a t e d  t h a t  very  l i t t l e  sound i s  propagated upstream. The numerical com- 

p u t a t i o n  o f  t h e  power upstream through the  nozz le a l s o  showed t h a t  t h i s  was 

always much less than 5 percent  o f  t h e  t o t a l  acous t ic  power. 

I n  the  f a r  f i e l d  (6.1) 

p rev ious ly ,  y i e l d s  the  w e l l  known r e s u l t  

together  w i t h  t h e  boundary cond i t i ons  discussed 

03 

IT = Ll p 2 ( t ) d t  , 
-co 

poco 

f o r  t h e  t o t a l  i n t e n s i t y  i n  the  r a d i a l  d i r e c t i o n  a t  a p o i n t  on t h e  f a r  f i e l d  a rc .  

I n  t h e  frequency domain, the  i n t e n s i t y  per  u n i t  frequency a t  an angle 8 i s  

* 
where p(8,w) i s  t he  Four ie r  t rans form o f  t he  pressure pulse.  

Figures 7a and 7b show t h e  exper imental  acous t ic  i n t e n s i t y  r a t i o  

1 ( 0  Y f) f1 ow/ 1 ( e  Y f I n o  flow (where w = 2Tf)  f o r  var ious  Strouhal  numbers, as 
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a f u n c t i o n  o f  t he  f a r - f i e l d  angle 0 .  

a m p l i f i c a t i o n  occurs a t  about 30" f rom the  j e t  a x i s  f a r  a l l  o f  t h e  f requencies 

p l o t t e d .  

130". There i s ,  however, very  l i t t l e  energy present  a t  l a r g e  angles and thus 

t h i s  does n o t  a f f e c t  the t o t a l  acous t i c  power. 

o f  maximum i n t e n s i t y  i s  r e l a t i v e l y  i n s e n s i t i v e  t o  frequency, a f e a t u r e  t h a t  

would n o t  be expected from c l a s s i c a l  r e f r a c t i o n  theory.  

The f i g u r e s  show t h a t  the maximum 

For some o f  t h e  f requencies,  t he re  i s  a l s o  an a m p l i f i c a t i o n  a t  

It i s  noted t h a t  t he  angle 

F igure 7c shows the  numerical coun te rpa r t  o f  t he  prev ious f i g u r e s .  The 

peak a m p l i f i c a t i o n  now occurs a t  about 40" because t h e  numerical pu l se  i s  

omn i -d i rec t i ona l .  Since the numerical computation i s  r e s t r i c t e d  t o  a broader 

pulse, t he  numerical r e s u l t s  a re  l i m i t e d  t o  the  low frequency p a r t  o f  t h e  

spectrum. I n  t h i s  range o f  f requencies,  t he  numerical and experimental r e s u l t s  

a r e  q u a l i t a t i v e l y  cons is ten t .  

F igures 8a and 8b show the. power r a t i o  W(f)flow/W(f)no flow f o r  both 

t h e  experiment and t h e  numerical s imu la t i on ,  as a f u n c t i o n  o f  Strouhal  

number based on j e t  diameter ( fD/Uj) .  

acous t i c  power i s  l i m i t e d  t o  an a r c  between 0" and 130" from the  d i r e c t i o n  

o f  f l ow .  

(see f i g s .  3a, b and 4a, b) and thus the  h ighe r  angles make a n e g l i g i b l e  con- 

t r i b u t i o n  t o  the t o t a l  power. The numerical computation o f  the power i nc ludes  

a l l  angles up t o  170" a t  10" i n t e r v a l s  toge the r  w i t h  as the  power propagat ing 

upstream of t h e  nozzle.  There i s  v i r t u a l l y  no d i f f e r e n c e  i n  the  power r a t i o ,  

wbe7 f t .  i s  summed a t  5" i n t e r v a l s .  

The e v a l u a t i o n  of t he  experimental 

The experimental pu l se  i s  ve ry  weak f o r  angles approaching 130" 

The experimental curve shows power a m p l i f i c a t i o n  up t o  f D / U .  = 1.2 w i t h  
J .  

j 
a waximum a t  f D / U .  = .4. I n  a d d i t i o n ,  t he re  i s  a r e d u c t i o n  f o r  f D / U  

g rea te r  than 1.5. 

f O / U j  between .15 t o  . 3  withaa peak a t  fD/Uj = .21 which appears t o  be 

independent o f  t he  j e t  v e l o c i t y .  

J 
The numerical curve shows an increase i n  power f o r  

Since the  numerical s i m u l a t i o n  cannot, a t  
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present, accurately compute higher frequencies, i .e. beyond a Strouhal 

number of 1, the power reduction a t  higher Strouhal numbers cannot be 

verified. 

tr ibution to  this reduction. The numerical resul ts  also show an increase 

i n  power r a t io  for  f D / U j  of the order 0.1. T h i s  cannot be shown experi- 

mentally because the far-f ie ld  measurements would have to  be taken a t  

several hundred diameters t o  account for the low frequencies and also 

because the anechoic chamber is  not an effective absorber a t  these frequen- 

cies.  

the stretching of the real time pulse w i t h  flow (see figure 4a). 

power in th i s  frequency range is  very small for  bo th  the experimental and 

numerical pulse. 

I t  i s  believed t h a t  turbulent scattering will have some con- 

T h i s  e f f ec t ,  however, can be seen in the experiment by observing 

The total  

The power r a t io  curves are  sensit ive to  the pulse wid th  and the dis- 

tance of the source from the j e t  ex i t .  

plotted i n  terms of Strouhal number based on the distance of the source 

fron the j e t  ex i t  (fz/Uj) 

Strrouhal number nearly independent of  source position. This can be seen 

in figure 9 where the power ra t io  is shown for numerical simulations a t  

f o u r  different s o u r c e  p o s i t i o n s .  T h i s  would be d i f f i c u l t  t o  do e x p e r i -  

mentally and t h u s  only numerical computations are presented. 

However, when the power r a t io  i s  

i t  i s  found t h a t  the maximum occurs a t  a 

The behavior o f  this far-f ie ld  amplification i s  very similar t o  the 

Such behavior has growth ra te  o f  i n s t ab i l i t y  waves i n  an unexcited j e t .  

been verified both experimentally and analytically (see [ 171 -and 

[20] ) .  

occurs i f  the source i s  well downstream of the potential core, where 

s t a b i l i t y  waves a re  known t o  be insignificant (see [ZO]). 

i s  c lear  evidence that  amplification will occur only i f  the source i s  

The resul ts  i n  Figure 9 indicate t h a t  v i r tua l ly  no amplificat 

T h i s  

on 

n- 
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w i t h i n  o r  j u s t  a f t e r  t h e  p o t e n t i a l  f l o w  core o f  t h e  j e t  where i n s t a b i l i t y  

waves can be sustained. I n  add i t i on ,  t h e  maximum a m p l i f i c a t i o n  occurs a t  

roughly  3 diameters downstream of t h e  nozzle,  which i s  cons i s ten t  w i t h  the  

experimental measurements i n  [ Z O ] .  

The present  exper imental  r e s u l t s  (F igure  8a) show a maximum amp1 i f i c a -  

t i o n  r a t e  a t  fz /U 

c a l  peak. 

tw ice  as broad as the  exper imental  pulse,  o r  t h a t  t he  numerical pu lse  i s  

omni -d i rec t iona l  , o r  non l i nea r  i n t e r a c t i o n  i n  t h e  experiment. 

however, t h a t  when a j e t  i s  e x c i t e d  harmonics and sub-harmonics may pre-  

dominate (see [ 191 ) . 

of about .6, which i s  tw ice  the  p o s i t i o n  o f  t h e  numeri- j 
This  may be due t o  the  f a c t  t h a t  t he  numerical pu lse  i s  n e a r l y  

It i s  known, 

The r e s u l t s  presented here support  t h e  hypothesis t h a t  an acous t i c  

source p laced w i t h i n  the  p o t e n t i a l  core of t he  j e t  e x c i t e s  i n s t a b i l i t y  waves, 

the  r e s u l t  o f  which i s  an a m p l i f i c a t i o n  o f  t h e  f a r - f i e l d  sound. 

a l s o  cons is ten t  w i t h  the  experiments o f  Moore (see re fe rence [17] )  and 

Bechert and Pf izenmaier (see reference [ 181) where an increase i n  broad- 

band power was observed by a c o u s t i c a l l y  e x c i t i n g  the  j e t  upstream o f  t he  

nozzle. 

Th is  i s  

The s t rong a m p l i f i c a t i o n  a t  the  mid-angles and a t  f requencies o f  maximum 

power r a t i o  i s  due t o  the  terms i n v o l v i n g  the  i n t e r a c t i o n  o f  t h e  acous t i c  

v e l o c i t i e s  w i t h  t h e  g rad ien t  o f  the  mean f low (see (3 .2 ) ) .  

these terms i n  the  numerical computations, a d i r e c t i v i t y  p a t t e r n  i s  obta ined 

which increases monoton ica l l y  w i t h  the  angle f rom the  f low,  s i m i l a r  t o  the  

pa t te rns  obta ined i n  [211 and [221. Th is  i n d i c a t e s  t h a t  these terms a re  

very impor tant  i n  producing the  power a m p l i f i c a t i o n .  

I f  one omi ts  

I n  order  t o  demonstrate t h e  presence of i n f l o w  i n s t a b i l i t y  waves i n  the  

numerical s imu la t ion ,  the  growth r a t e  o f  t h e  l o n g i t u d i n a l  f l u c t u a t i n g  v e l o c i t y  
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u on the center 1 ine of the j e t  ( r  = 0 )  was computed for  a fixed source 

pos i t i on .  Spatial ins tab i l i ty  waves for u will’ have the functional 

form 

A u ( w , z , r )  = Ae iwte idz )z f (  r,w) ( 6 . 3 )  

where fi i s  the Fourier transform of u ,  w the real frequency, a is a 

complex wave number and  f ( r ,w) i s  the corresponding eigenfunction (solution 

of the Orr-Sommerfeld equation). Here z and r are  the cylindrical 

coordinates shown in Figure 1 .  Thus u was Fourier transformed and in 

Figidre 10 a plot  o f  

fz/Uj 

( 6 . 3 ) ,  th i s  should correspond, t o  w i t h i n  a constant, t o  the growth ra te  

(-imaginary part  of a )  a s - a  function of z. 

‘ ( ‘ ( w ’ z y o ) ’  I n  in terms of longitudinal Strouhal number 2 

i s  given for  three different  frequencies. Using the functional form 

The behavior of th i s  figure is consistent w i t h  the resu l t s  presented by 

Moore (see [ 1 7 ] ) .  

the ins tab i l i ty  wave corresponds t o  the amplification ra te  of the f a r  f i e l d  

sound as shown i n  Figure 9. The agreement between the peak Strouhal numbers 

i n  Figures 9 and 10, indicates t h a t  the most unstable frequency a t  the position 

of the source corresponds t o  the most amplified frequency i n  the f a r  f ie ld .  

T h i s  agreement in frequency i s  due t o  the fac t  t h a t  the j e t  i s  excited by an 

acoustic disturbance. 

This figure demonstrates t h a t  the growth r a t e  of 

VII. C O N C L U S I O N  

An amplification of total  power output i s  observed when a source is 

located within the potential flow core of a j e t .  

i n  the range of frequencies where the local ins tab i l i ty  waves have the 

This amplification occurs 
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s t ronges t  growth r a t e .  

which i s  s i m i l a r  t o  t h a t  which i s  observed bo th  exper imenta l l y  and analy-  

t i c a l l y  f o r  i n s t a b i l i t y  waves i n  an unexc i ted j e t .  

t r u e  when t h e  a m p l i f i c a t i o n  r a t e  i s  p l o t t e d  as a f u n c t i o n  o f  Strouhal  number 

based on the  d is tance o f  t h e  source from t h e  nozzle.  

The acous t ic  power a m p l i f i c a t i o n  e x h i b i t s  a peak 

Th is  is  p a r t i c u l a r l y  

I n f l o w  computations o f  the  f l u c t u a t i n g  v e l o c i t y  show t h e  presence o f  

i n s t a b i l i t y  waves which peak a t  t h e  same frequency as t h e  f a r  f i e l d  sound. 

These r e s u l t s  show t h a t  i n s t a b i l i t y  waves can a c t  as a mechanism t o  ampl i fy  

the  sound from an acous t ic  source. Fu r the r  evidence i s  found i n  t h e  f a c t  

t h a t  no peak occurs i f  the  source i s  f a r  downstream o f  t h e  p o t e n t i a l  f l o w  

core. The exper imental  r e s u l t s  a re  q u a l i t a t i v e l y  i n  agreement w i th  t h e  

numerical  s imu la t ion .  
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